ABSTRACT In this paper, the radiation patterns due to magnetic sources embedded in a ground plane in the presence of a partially reflective surface are analytically formulated and calculated. Love's equivalence principle, the transmission-line analogy, and the reciprocity theory are all combined and employed to calculate the far-fields of a four-element (2 × 2) slot array excited by the printed ridge gap waveguide technology operating in the V-band. Since the spacing between the array elements is greater than one wavelength, grating lobes cannot be avoided. Hence, to suppress the grating lobes and enhance the antenna directivity, a dielectric superstrate with the proper properties is utilized. The slot antenna array is operating at 60 GHz for millimeter-wave applications. The obtained results from the proposed analytical formulation agree very well with full-wave numerical simulations obtained from the EM commercial tool HFSS. It is worthwhile to mention that the presented analytical solution is about 30 times faster than its full-wave simulator counterpart.
I. INTRODUCTION
Recently, considerable interest has been focused on high-gain radiating systems at the V-band (40 -75 GHz) for indoor and point-to-point wireless communication. Specifically, the interest has increased in the frequency range between 57 and 64 GHz after the Federal Communications Commission (FCC) declared this as an unlicensed band for wireless systems.
The use of superstrate(s) above planar antennas has been widely used to enhance their directivity [1] - [10] . The gain of a printed Hertzian dipole has been improved significantly to about 21 dB after using a quarter-wavelength thick superstrate and achieving appropriate resonance conditions [2] , these resonance conditions require having a superstrate with very high dielectric constant (i.e., ε r = 100) or very high relative permeability (i.e., µ r = 100). These resonance
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conditions, seemingly to be impractical in the recent past, can be realized presently using a variety of contemporary metamaterial structures [11] - [16] . In [3] , the finite sizes of the ground plane and dielectric superstrate have been found to have a major effect on the antenna aperture efficiency that may exceed 100% when the superstrate's diameter is less than 1.2λ; where λ is the free-space wavelength. In [4] , the concept of superstrate above planar antennas has been utilized with a waveguide aperture surrounded by a finite size flange. The effect of multilayer dielectric superstrates was generalized in [5] when the superstrates are terminated by inductive terminators in addition to inserting layers of two-dimensional striplines polarizers. In [6] , an engineered (i.e., artificial) magnetic material based on split ring resonator (SRR) has been placed over a microstrip antenna to enhance its radiation properties, the antenna directivity has increased by 3.5 dB while preserving a small profile of the whole radiating system. In [7] , a metamaterial-based lens has been used as a superstrate in the Ka-band to enhance the gain of a magneto-electric dipole antenna, and the antenna was excited through an aperture coupled to a fork-shaped ridge gap waveguide. A 60 GHz wideband high-gain antenna was presented in [8] , where a frequency-selective surface (FSS) has been employed to act as a partially reflective surface (PRS) above a slot antenna excited by printed ridge gap waveguide technology (PRGW).
The authors in [9] have employed an FSS-based perforated conductive sheet as a superstrate above a slot-dipole antenna operating in the V-band, thus creating a Fabry-Pérot cavity resonator, the obtained 3-dB gain bandwidth was 61-65 GHz (i.e., 6.3%).
Other methods to achieve high gain antennas exist, such as using large-scale arrays. Although planar antenna arrays have smaller volume than antennas with superstrates, they need a sophisticated feeding network that introduces losses and increases the structure footprint [17] , [18] .
In this work, I present, for the first time in literature, the analytical formulation for the radiation patterns due to magnetic sources embedded in a ground plane in the presence of a partially reflective surface (PRS). The transmission-line (T.L.) model, the reciprocity theory, and the equivalence principle are all combined and employed to calculate the far-fields of a 2 × 2 slot antenna array fed by PRGW technology and loaded by dielectric superstrate acting as a PRS at 60 GHz. Reduced propagation losses and planar geometry are the two main advantages of the PRGW feeding method [19] - [22] . The work in [22] presented preliminary simulated results on the application of PRGW to feed a slot antenna array, HFSS was used to produce the obtained preliminary results.
The application of PRGW at V-band has shown attractive wideband behavior and good radiation patterns when integrated with slot-based arrays [20] . The major drawback of using such a feeding mechanism (i.e., PRGW) is in its demand for high computational resources. Thus, the analytical technique proposed here helps in significantly speeding up the simulation process and in reducing the computational requirements significantly without compromising the results accuracy.
It is desirable to reasonably increase the distance between the array elements, which reduces the mutual coupling between them [23] . However, if the distance between the elements exceeds the wavelength, grating lobes are created. Using the PRGW technology feeding network make it challenging to place the array elements closer than one wavelength at 60 GHz [24] . An inexpensive solution to decrease the grating lobes of the PRGW antenna array and enhance the broadside directivity is to use a low-cost dielectric lens. One of the simplest lenses is the planar PRS parallel to the array ground plane, which enhances the antenna directivity and reduces the grating lobe level.
The author of this work emphasizes that the main objective of this work is introducing a fast and highlyefficient analytical solution for the far fields of an antenna array fed by PRGW operating at 60 GHz, the obtained analytical results are verified by full-wave numerical simulations. This paper is organized as follows: in section II, the design and analysis of a PRGW 2 × 2 slot-antenna array covered with a partially reflective surface are presented. Section III introduces the proposed analytical formulation for computing the radiation fields of the PRGW antenna array. Section IV depicts the validation of the obtained analytical results with full-wave numerical results. Finally, major accomplishments and conclusion are presented in section V.
II. 2 × 2 PRGW-FED SLOT ANTENNA ARRAY LOADED WITH A PRS
It was firstly demonstrated in [1] that the employment of a PRS above a primary radiating source (i.e., antenna) close to a ground plane increases the gain significantly. It was later shown in [2] that certain resonance conditions need to be satisfied to achieve such a significant increase in the antenna gain and directivity. These resonance conditions include the proper choice of the PRS thickness, its permittivity and permeability, and the spacing between the antenna and the PRS.
The brief analytical formulation concisely introduced in [25] for a single slot antenna is generalized and extended in this work to calculate the radiation patterns of 2 × 2 slot antenna array excited by ridge gap waveguide technology and imbedded in a multilayered structure to improve the antenna gain and decrease the side-lobes level. The PRGW technology as a low-loss feeding mechanism of the antenna array at 60 GHz will be elaborated in the following sub-sections.
A. PRINTED RIDGE GAP WAVEGUIDE (PRGW)
In PRGW technology [7] , [8] , [19] - [22] as depicted in Figs.1-2 , the propagating electromagnetic waves are confined between two parallel surfaces, one surface is a PEC denoted as PRGW top plate and the other surface is a perfect magnetic conductor (PMC). Fig. 1 depicts the top view of the feeding network of the four-element slot array antenna created on the bottom PMC surface (i.e., mushroom surface) of the PRGW structure, note that only half of the symmetrical structure is shown in Fig. 1 . The top PEC plate of the PRGW (see Fig. 2 ) is a thin copper plate and the bottom plate is realized as a texture 2D mushroom structure to mimic a PMC. The unit cell of the mushroom structure is a metallic circular patch connected to the ground plane by a metal-plated via. This unit cell whose dimensions are shown in Fig. 2 is designed using a substrate of Rogers 3003 with a dielectric constant of 3 and 0.5 mm thickness. The unit cell was optimized using CST Eigen-mode solver by changing the periodicity of the unit cell, the diameter of the circular patch, and the air gap height. The obtained dispersion diagram is depicted in Fig. 3 , a band-gap between 53 and 100 GHz has been achieved to establish a PMC structure. This PMC will prevent any wave leakage from the array feed network [8] . The insertion of a guiding ridge (i.e., feed line) in the middle of the PMC plate will excite a quasi-TEM propagating mode that is needed to feed the antenna array. Through plated holes (i.e., vias) are utilized to connect the feeding lines to the ground plane to mitigate any EM waves propagating underneath the feeding lines or inside the PMC substrate [8] . Moreover, this will restrict the wave propagation along the feeding network. The accomplished band-gap of 53 to 100 GHz is more than the required bandwidth of the targeted 60 GHz four-element slot antenna array.
The PRGW top PEC plate is placed at a small distance of 0.25 mm above the PMC plate to allow wave propagation only along the feed network and to provide the desired stopband for parallel plates mode. The presence of the mushroom structure (i.e., PMC) is intended to prohibit any wave leakage from the feed network and therefore greatly decreases radiation losses in the frequency band of interest [8] .
The characteristic impedance of the main feed line (guiding ridge) shown in Figs.1 and 2 is determined by the thickness of the air-gap between the bottom PMC and the top PEC plate (i.e., 0.25 mm) and by the width of the ridge line (w f ) itself, this width has been optimized to exhibit a 50-characteristic impedance. The characteristic impedance of the ridge line will vary slightly with frequency because it supports Quasi-TEM modes [26] . This was studied and investigated in [19] - [20] which showed that conventional definition for microstrip lines gives a satisfactory accuracy for obtaining the characteristic impedance of PRGW ridge lines. The chosen width (w f ) and length of the main feeding line (guiding ridge) are 1.2 mm and 4.75 mm, respectively. This value of (w f ) is the average value of the line width when it is printed on the RO3003 material and when it is printed on air (i.e., gap) substrate since the propagation of the wave along the line is affected by both substrates (i.e., RO3003 and air gap). Regarding the length of this line, it is chosen based on the desired size of the whole antenna array and it affects the shape of the radiation patterns as well, more sidelobes would appear for longer feeding line due to the undesired radiation from this line. It is worth pointing out that the airgap separation between the PMC and PEC top plate is the propagation medium and its thickness is equal to 0.25 mm which is much lower than quarter-wavelength at the operating frequency of 60 GHz.
The array feeding network shown in Fig. 1 is designed as a parallel feeding network that requires inserting quarterwavelength transformers to provide the necessary matching. Fig. 2 depicts the 3-D view of the slot antenna array based on the PRGW and covered with a dielectric PRS of thickness (T ) and placed at a distance (h) in the air above the slot antenna array.
A four-element 2 × 2 slot array is created in the PRGW top PEC plate. Through parametric analysis in HFSS, the slot dimensions of 1.9 × 1.2 mm 2 were obtained to enable the slot to radiate at the millimeter-wave frequency band of about 57 to 64 GHz. The slot length of 1.9 mm is comparable to a half free-space wavelength at 60 GHz since the slot antenna is a dual of a patch antenna where the conductive patch is replaced by air. To reduce the coupling effects between the four elements, they are positioned slightly more than one freespace wavelength apart from one another. The dimensions shown in Fig. 1 (i. e., x 1 = 2.875 mm, y 1 = 4.06 mm, and y 2 = 1.56 mm) determine the spacing between the array elements. The employed λ/4 transformer is of dimensions 0.98x1.2 mm 2 to provide the necessary matching. The antenna array is loaded with a PRS of thickness (T ) and a dielectric constant and relative permeability of ε 1 and µ 1 , respectively. The proposed analytical analysis of this antenna array is discussed in the following section then validated by full-wave numerical simulations in Section IV.
III. ANALYTICAL FORMULATION OF FAR-FIELDS of PRGW ANTENNA ARRAY WITH SUPERSTRATE
The radiated far field of the PRGW-fed slot antenna array can be calculated using Love's equivalence principle, T.L. analogy and the reciprocity theorem. Fig. 4 shows the side view of an aperture rectangle slot of dimensions (a × b) embedded in a ground plane (PRGW top plate). A PRS of thickness (T ) and refractive index of n 1 = √ ε 1 µ 1 covers this single slot antenna at a distance (h) in order to improve the radiation characteristics. Based on Love's equivalence principle [27] , the assumed y-polarized electric field (E a ) of the rectangular aperture will induce an equivalent magnetic current source of This magnetic current source is essentially very near to the PRGW top PEC plate (assumen =â z which is the normal unit vector on the aperture plan). From (1), the equivalent magnetic current source will be x-polarized. Hence, the sought radiated electric far-field (E) at an arbitrary test point P (r, θ , Ø) will be obtained due to this magnetic current density (M s ) located at the slot. The reciprocity theorem is then used to find this radiated electric field (E). A very smalldipole J with length ≤ λ/50 (reciprocity antenna) that is assumed at the test point emits a magnetic field (H ) at the considered location of the slot antenna. Hence, the far-field (E) radiated from this slot, can be formulated as follows:
Assuming the reciprocity source to have a value of
where (û =θ andφ for TM and TE incident waves, respectively). Hence, Equation (2) can be written as:
From (4), the radiated field (E) at P (r, θ , Ø) can be calculated after determining the magnetic field (H ) from the reciprocity source at the slot's position due to the reciprocity dipole.
Since H is a plane-wave, it could be calculated using the T.L. modeling by considering the multilayered air-PRS structure (see Fig. 4 ) as interconnected T.L. sections loaded by a short circuit (i.e., ground plane). The characteristic impedance (Z c ) and propagation constants (β) of the different sections of the T.L. model can be formulated from the oblique incidence of a plane-wave at the interface of two dielectrics [26] . The effective refractive index which is dependent on the angle of incidence (θ ) in the air and PRS layers, can be defined as
where n o = (ε r µ r ) air and n 1 = √ ε 1 µ 1 are the indexes of refraction in the air and PRS layer, respectively.
Hence, the definitions of β in the air and PRS layers can be defined as
For transverse electric (TE) wave or perpendicular polarization, the characteristic impedances of the air and PRS layers can be defined as:
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For transverse magnetic (TM) wave or parallel polarization, the characteristic impedances of the air and PRS layers can be defined as:
In the above definitions of β , K 0 is the propagation constant in free-space for perpendicular incidence (θ = 0) and equals to ω √ µ o ε o , and η o is the intrinsic impedance of free-space (i.e., the wave impedance of a plane-wave in free-space) and equals to √ µ o /ε o = 377 ohm. For the TE wave radiated by the reciprocity infinitesimal dipole J = δ( r − r p )φ that is placed at the test far point P (r, θ , Ø), this source would produce magnetic vector potential (A) in phi direction which in turn produces far electric field in same direction (i.e., phi) and magnetic field H in theta direction. Hence, the x-component of the H field radiated by the reciprocity source at the location of M s can be expressed as
The function F(θ ) depending only on θ represents the electric current at the slot's location (z = 0) in the T.L. analogy (see Fig. 4 ) due to an incident current wave of magnitude cos (θ ). The current at z = 0 can be computed by solving the following set of simultaneous equations using the Symbolic Math Toolbox TM in MATLAB [28] , Fig. 4 . Hence, the function F(θ ) will equal to I 1 (z = 0) that can be computed from (14) .
For the TM wave radiated by the reciprocity infinitesimal dipole J = δ( r − r p )θ that is placed at the test far point P(r, θ, Ø), this source would produce magnetic vector potential (A) in theta direction which in turn produces far electric field in same direction (i.e., theta) and magnetic field H in phi direction. Hence, the x-component of the H field radiated by the reciprocity source at the location of M s can be expressed as
The function G(θ ) depending only on θ represents the electric current at the slot's location (z = 0) in the T.L. analogy (Fig. 4) due to an incident current wave of magnitude unity. This current can be computed employing the same technique used for the TE case. In other words, Eqs. (14) are to be re-written after replacing Z TE co by Z TM c and having V + 3 /Z TM c0 = 1. Using (4), the sought far-fields of the rectangular aperture is computed at the frequency of interest in both directions of theta and phi, and then numerically integrated to calculate the slot antenna directivity as:
where,
where
2 sin ϕ sin θ where (a, b) are the width and length of the rectangular slot aperture in x and y directions, respectively.
Considering the PRGW 2 × 2 slot antenna array shown in Fig. 2 , its far-fields can be calculated at the desired frequency by multiplying (4) by the array factor (AF), which is mainly dependent on the spatial configuration of the planar array considered here [23] . Note that the progressive phase shift between the array elements is zero in both x and y directions. Hence, the directivity of the 2 × 2 slot antenna array shown in Fig. 2 is given by: (18) where x 1 , y 1, and y 2 are design parameters of the 2 × 2 feed network shown in Fig. 1 and given by:
x 1 = 2.875 mm, y 1 = 4.06 mm, and y 2 = 1.56 mm
IV. ANALYTICAL RESULTS AND VALIDATION WITH NUMERICAL SIMULATIONS
The main goal of this work is to provide a fast analytical formulation of the radiating system composed of a dielectric superstrate (i.e., PRS) above PRGW slot antenna array at 60 GHz. This structure is intended to enhance the antenna gain and reduce the grating lobes. To validate the proposed analytical formulation, different dielectric PRSs with different dielectric constants have been employed above the four-element PRGW antenna array. In all cases, the PRS thickness (T ) is chosen to be λ/4 (λ = λ o / √ ε 1 ) at the resonance frequency of 60 GHz as per the resonance conditions given in [2] . The PRS is placed at a distance (h) of half wavelength in the air (i.e., 2.5 mm at 60 GHz) above the slot antenna array as shown in Fig. 2 . According to optical ray analysis introduced in [1] , some the EM energy emitted by the antenna array will be reflected by the air-PRS interface based on Snell's law, wherein some of this EM energy will be transmitted through the PRS. The proper choice of the PRS parameters (i.e., thickness, dielectric constant, reflection magnitude and phase . . . . etc.) and the spacing (h) between the antenna and the PRS will allow the emitted rays through the PRS to deflect in a predetermined direction. Therefore, resonance conditions can be proposed to ensure a very large gain and directivity along the desired direction [2] , [3] . These resonance conditions necessitate the PRS thickness to be a quarter dielectric wavelength and to be placed at a half freespace wavelength above the slot antenna, and the permittivity of the PRS to be very high.
The analytical model developed in the previous section is employed here to predict the behavior of the PRGW slot antenna array shown in Fig. 2 . The obtained results from the developed model (Eqs. 1-18) were compared against those obtained from modeling the same structure using the EM software High Frequency Structure Simulation (HFSS).
Figs.5-8 show the radiation patterns of the 2 × 2 PRGW slot antenna array covered with a PRS of ε 1 = 1, 3.66, 6.15 and 10.2, respectively, at 60 GHz. Very good agreement is obtained in the four cases between the proposed analytical model and HFSS. Since the array factor concept was used to calculate the far-fields of the antenna array, mutual coupling between the array elements was not accounted for and consequently some discrepancy is expected between the calculated and the simulated patterns. This discrepancy is more prominent in the E-plane (i.e., yz plane as seen in Fig. 2 ) due to the existence of the main feed line (ridge) along y-axis which enlarges the unavoidable coupling between the array elements. At high elevation angles, a small discrepancy between the two methods is observed. This is conceived to be due to the presumption of an infinite 2D planar structure in the T.L. modeling. Consequently, the calculations of the radiation in the lower hemisphere are not feasible due to the assumption of an infinite ground plane.
Moreover, Figs.5-8 show an increase in the array directivity along the broadside direction with the increase of dielectric constant of the PRS. This directivity increase is depicted in Fig. 9 ; this figure is produced based on the results of Figs.5-8. Moreover, Fig. 9 shows that the rate of increase of the array directivity is higher with lower dielectric constant materials. It should be noted that the time taken by the proposed technique to calculate any of the patterns shown in Figs.5-8 is 3.9 minutes compared with 117 minutes when using HFSS. constant of 6.15. A 7.2 dB enhancement in the array directivity at 61 GHz and a 6% increase in the matching bandwidth are obtained. It is worth mentioning that this enhanced directivity (i.e., 18 dB at 61 GHz) can only be achieved by using 4 × 4 slot array without PRS, but with higher grating lobes. Moreover, the enhanced impedance bandwidth is achieved by the proper design of the slot parameters and the ridge guide dimensions and its position underneath the slot. Figure 11 depicts the directivity patterns of the 2×2 PRGW slot antenna array with and without a dielectric PRS of ε 1 = 6.15 at 60 GHz. It is clear that the PRS reduces the grating lobe levels significantly in the H-plane. For the array with PRS, the H-plane grating lobe level at θ = 45 o is 24 dB below the main lobe level compared to 6 dB for the array without PRS. On the other hand, the E-plane pattern shows a grating lobe level of 11.5 dB below the main lobe level of the array with PRS compared with 1 dB for the array only. Note that the results in Fig. 11 As the array impedance bandwidth is ranging from 56 to 66.2 GHz after using the PRS (see Fig. 10) ; it is necessary to show the radiation patterns at other frequencies within this bandwidth. Figs.12 and 13 show the radiation patterns at 57 and 63 GHz, respectively, when using a PRS with dielectric constant of 6.15. It is apparent that the radiation pattern is consistent all over the antenna bandwidth. Also, the agreement between the T.L. model and HFSS is appreciable.
Though the analytical model proposed in this paper is not competent to calculate the antenna reflection coefficient, it is indeed a very quick and efficient technique to optimize the antenna's structure to achieve the desired far-field characteristics and to predict the antenna directivity and the shape of the radiation patterns for different structural parameters. The proposed technique can be merged smoothly with any optimization tool (i.e., genetic algorithm) to further optimize the array parameters. Afterwards, HFSS can be employed to calculate impedance bandwidth and to verify the calculated far-fields.
V. CONCLUSION
This work presents a very fast and highly-efficient analytical formulation that can predict the radiation fields of any planar antenna embedded in a multilayered structure. The antenna under consideration should be modeled as electric and/or magnetic current sources. As a case study, a PRGW excited slot antenna array loaded with a PRS superstrate has been considered to validate the proposed analytical formulation. This formulation is based on Love's equivalence principle, the reciprocity theory and the transmission-line model of the antenna-air-superstratemultilayered structure. The proposed analytical solution is about thirty times faster than its counterpart full-wave analysis. Moreover, the proposed formulation can easily be extended to analyze different types of FSS-based superstrate. The employment of the superstrate above the antenna array increases the antenna directivity by more than 66% and consequently reduced the grating lobes associated with the antenna array. The proposed analytical solution is consistently accurate through the whole 56 to 66.2 GHz impedance bandwidth of the considered fourelement antenna array.
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